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Asymptotic Boundary Layer over a Slender Body of

Revolution in Axial Compressible Flow

MicuaEL H. Wer*
University of California at San Diego, La Jolla, Calif.

The singular perturbation method developed by S. Kaplun is used to solve the thick, com-
pressible laminar boundary layer over a slender body of revolution. The transverse curvature
effect is included and is found to be characterized by a dimensionless parameter, which is es-
sentially a function of the ratio of the thickness of the boundary layer to the radius of the body
of revolution. An asymptotic series solution is developed for the region where the thickness
of the boundary layer is large compared with the radius of the slender body. The nondimen-
sional skin-friction parameter [(27 rorv)/(cosa Usu)] is calculated as a function of the thickness
parameter. Interpolations are then made with another known series solution, developed by
Probstein and Elliott, which is valid where the boundary layer is thin compared with the
radius of the slender body. Thus, interpolation is made to cover the range where the thick-
ness of boundary layer is in the same order as the body radius. From these interpolations,
good agreement is obtained between both series for the cone and cylinder. The asymptotic
series solution also indicates that the skin friction and heat-transfer rate increase with the
Mach number and fall off very slowly in the reciprocal-logarithmic manner with the thickness
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parameter.

Nomenclature

defined by 8 = SedU./U.08

specific heat or, when not subscripted, Chapman-Rube-
sin constant

defined by U/U, = 0f/0n

defined by g = hs/— [(ha).]

enthalpy

coefficient of thermal conductivity of gas

defined by Eq. (15)

defined by K¢ = [28(1 + a)]/(1 — K)

defined by Eq. (50¢)

Mach number

static pressure

Prandt]l number Cpu/k

local rate of heat transfer from surface per unit area per
unit time ¢ = —k(07/0Y)

radius of body of revolution

gas constant per gram

ratio of specific heats, v = Cp/Cy

distance along the body surface, measured from forward
stagnation point

= transformed coordinate along body surface defined by
Eq. (6)

absolution temperature

components of velocity parallel and normal to surface

distance along body axis

distance normal to the body surface

Jboundary-layer thickness

nondimensional coordinate normal to body surface

defined by Eq. (19)

defined by Eq. (25)

angle between the fangent to the meridian profile and
the z axis

defined by ao = [(r — 1)/2]M .2

absolute viscosity

gas density

nondimensional thickness parameter, defined by Eq. (12)
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Presented as Preprint 64-428 at the 1st AIAA Annual Meet-
ing, Washington, D. C., June 29-July 2, 1964; revision received
December 28, 1964. This problem was first brought to the at-
tention of the author while he was a graduate student at Cali-
fornia Institute of Technology, by Lester Lees. The author is
indebted to Saul Kaplun for the stimulative consultation on this
problem.

* Graduate Student, Department of the Aerospace and Mechan-,

ical Engineering Science.

defined by Eq. (19)

defined by Eq. (25)

stream function defined by Eq. (8)
shear stress + = u(0U /dy)

gage function

gamma function

| T |

Subscripts

quantities outside the boundary layer
quantities on the wall surface
quantities in the freestream
quantities at the stagnation point
constant pressure

constant volume

gage function for ¢

gage function for f

N<vng I°©
1 | | 1

=
(™)

Superscripts
referring to the inner expansions

(77) = referring to the outer expansions
= ordinary differentiation with respect to 5

Introduction

HIS paper presents a solution for thick compressible

boundary-layer problems using the “method of inner and
outer expansions.”® The development of space vehicles has
brought many new aerodynamic problems. Among these is
the unusually thick boundary layer, compared to the body
radius, that occurs under high temperature conditions.
Under such conditions, the curvature of the boundary layer
in a plane transverse to the flow has a significant effect on the
heat transfer and skin drag. In recent years, solutions for
several particular cases have been presented by many earlier
works. However, the problem still awaits complete solution
for the compressible case. Because of difficulties in treating
the problem with dissociation effect, it is assumed in this
paper that the gas is not dissociated.

A slender body of revolution is used to investigate the
transverse curvature effect. Earlier investigations have found
that this effect has been characterized by a dimensionless
parameter, which is essentially a function of the ratio of the
thickness of the boundary layer to the radius of the body of
revolution. This is because the boundary layer must
spread out circumferentially. If the boundary layer is
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Fig. 1 Steady flow over an unyawed slender body of
revolution.

thin, compared with the radius of revolution, and the thick-
ness parameter £ is less than one, the velocity profile within
the boundary layer will be similar to the velocity profile for a
flat plate. Therefore, the solution can be found by the per-
turbation method, using the flat plate solution as the zero
order. Seban and Bond” obtained the solution for the in-
compressible case. Later, Probstein and Elliott? solved the
same problem for compressible flow. Kelly® also made im-
portant numerical corrections to the Seban-Bond solution.
For the region where the thickness of the boundary layer is
large, compared with the radius of revolution, the outer cir-
cumferential area increases linearly with the thickness of the
boundary layer. The problem is therefore different from the
two-dimensional flat plate case. The velocity profile within
the boundary layer will also differ considerably from that for
the flat plate. Glauert and Lighthill* showed that, for the
incompressible flow, the velocity near the wall is closely pro-
portional to the logarithm of the distance from the centerline
of the body. An asymptotic series solution for the large
boundary layer, compared to the radius of revolution, was
developed by them. Stewartson® and Mark® also obtained
a similar asymptotic series solution valid for the same region.
Steiger and Bloom!? used the integral method to treat the
problem including the effect of mass transfer. By employing
the integral technique, Raat!® obtained asymptotic solutions of
skin-friction coefficients for an insulated cone in the regions
of weak and strong curvature effects.

The purpose of this paper is to present the method of inner
and outer expansions as a solution for the compressible case.
The method of inner and outer expansions was developed by
Kaplun.®? The application of his theory to this problem
follows.

At the outer fringes of the boundary layer, the velocity
gradient is very small. We introduce an outer expansion
with the freestream velocity as the zero-order solution.
. However, this expansion will not satisfy the boundary condi-
tions at the wall since the velocity is zero at the wall. There-
fore, near the wall an inner expansion is assumed with the
zero-order solution equal to zero. The outer and inner solu-
tions are then matched in an intermediate region to solve the
undetermined constants by the missing boundary conditions.
The skin friction and heat-transfer rate are given by the inner
expansions. The complete solutions can be obtained by
construction of composite expansions. From the composite
expansion, the displacement thickness and momentum thick-
ness can be analytically computed. Since skin friction and
heat transfer are of practical interest, the development of the
inner and outer expansions are the primary aim of this paper,
and the solution of the composite expansion is not included.

Between the results of Probstein’s paper for- thickness
parameter less than one and those developed in the present
paper for large thickness parameter lies a gap, which we bridge
by interpolations between the two solutions to cover the range
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where neither solution is applicable. The simplest method of
making this interpolation is to plot both solutions against
the thickness parameters on a single set of coordinates, and to
join both curves with a faired line. The tangent point of this
faired line with each curve is a close estimate of the cut off
points for the case being investigated. This method is shown
in the attached figures.

The thickness parameter cut off point for both solutions
varies with Mach number and skin temperature. Conse-
quently, the exact solution of the region between these two
cut off points has yet to be developed. However, the inter-
polation, deseribed in the preceding paragraph, gives a close
approximation of the region between the results of Probstein
and the method presented here.

Equations of the Boundary Layer

Figure 1 shows the steady flow over an unyawed slender
body of revolution. With the coordinate system (s, y) shown
in Fig. 1, the basic equations for compressible laminar bound-
ary flow with transverse curvature effect are as follows:

Continuity Equation

0/08) (pru) + (0/0y)(prv) = 0 1

Momentum Equation

ou ou of¢ 10 ou
(a ) a - (ny) @
Energy Equation

p(ua_hs+ ahs> LI

ds v b_y = 751—/
Lyowm , 1 o)
l:(l Pr> oy t Pr oy ®)
Equation of State
P = pRT 4)

In order to simplify the calculations, it is customary to
assume that 1) Prandtl number is equal to one,

Pr=1 (5a)
2) Chapman-Rubesin constant is equal to one,

PU = Pefhe (3b)

and specific heats are kept constant. It should be noted that
Eq. (5b) is a result of the assumption 2) together with the
usual boundary-layer approximation that pressure variation
across the boundary layer is negligibly small. The Lee’s
transformation® combined with the generalized Mangler trans-
formation for bodies of revolution is introduced:

Se = fos peUepiro®ds (6a)
_pU. v _p
e ML (60
From Eq. (6b) together with the geometrical relation,
r(x, y) = r(z) + cosay (6c)
the following useful equation is obtained:
r\? _ 2 cos(Sp)% (7 p.
(m) SR e IR % dn (6d)

Furthermore, a thermal gradient function is also defined as
follows:

g(n, So) = hs/(hs)s )
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A stream function that satisfied the continuity equation is
assumed :

¥ = (S0)"*f(n, So) ®

With the aid of Eqgs. (6-8), Eqs. (2) and (3) are transformed
into the following forms:

s <9f_ﬁ_%aif>_93i_@’_
" \on ondS, 08, oy on3 2012

cosa(S))Y? O (0¥ (n p. _ pe of \?
2 upat on <5;2 fo /7d77> =# [p <3n>} )

S <0f o9 of bg) fog %

o708, 3S; 07 20 09t
cosa(Sp)¥2 d <bg 7 Pe )
ey 2 (0 [T Pegy) =0 (10
UepeTo? O \O7 JO p 7 (10

For the case of a cone or cylinder with an attached shock
wave, the value of 8 is equal to zero. The effect of induced
pressure gradient may be neglected to give a good approxi-
mate solution. However, under some hypersonic flow
conditions,% 1 the value of 8 may be assumed constant for
other shapes as well. Therefore, the effect of the pressure
gradient is included, but the values of 8 are assumed to be
constant. The density ratio in Eqgs. (9) and (10) can be ex-
pressed by the following equation:

. T -1 of \?
Ll ()] o

which is derived from Eq. (7). From KEgs. (9) and (10), it is
seen that a new variable £ can be defined so that the equations
can be transformed into suitable forms with which a similarity
solution can be examined:

& = (cosaSoY2) / (peuero?) (12)

Equations (9) and (10) expressed in & new coordinate sys-
tem (&, ) will take the following forms:

(L )L 2L a2y 1oy v
2 on 0n0f  Of On? 209 op®

v— 1 2 2 ai K
2<1+ - M,.,> Dn(WfO gdn)—i—
7__1 2 3 gf: K a_f 2 —
g M2 o [br;z 0 <bn) dn]_
y—1 2 _ %2
(- ()] o

(b x)(ZR-2W) L 2
2 n 0& Jfdn

y—1 9 (% [
<1+ . M})%bn (bn fo gdn)—f—

2 07 J0 \07

K is a body shape parameter? and is defined as

So(peuere?) O cosa
cosa  OS, pary?

K = (15)

For the case of a cylinder and a cone, the values of p, and
u. are constant along the surface and the values of K are 0
and %, respectively. For other configurations the value of K
lies between 0 and £ and may not be constant along the sur-
face. This paper considers the cases with constant K values
only. Equations (13) and (14) indicate that, when K is

=1 M2 2¢ % lia_g K <§Z>2 dn:l =0 (14
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equal to 1 and £ is kept constant, the velocity and thermal
gradient functions f and ¢ will depend on 7 only. Under such
conditions, Eqgs. (13) and (14) have similarity solutions.
This corresponds to the case of a slender body in hypersonic
flow with the radius (ry) and the boundary-layer thickness (6)
varying as z%* and the induced pressure (P,) as z7V2. Ij
should be noted that, from Eq. (6d), the dimensionless vari-
able £ is essentially a function of the ratio of the thickness of
the boundary layer to the radius of the body of revolution.
The boundary conditions for Egs. (13) and (14) at the surface
of the body are

f0) = (©f/on)ro =0 (162)
9(0) = gu (16b) .

Equation (16a) is due to the requirement of no slip at the
surface. Equation (16b) assumes that the surface tempera-
ture has been specified. At the outer limits of the boundary
layer, measured normal to the surface, the values of w and T
are given by the inviscid-flow solution. Thus,

Of /on)nee = 1 (17a)
g(=) =1 (17h)

For small values of £, Eqgs. (13) and (14) have been solved by
Probstein and Elliott.

This paper presents the solution to Eqgs. (13) and (14) for
large values of £, with the parameters 8, K, and M, constant.
The corresponding physical flow ranges, where the thickness
parameter £ becomes very large, are the flow regions of a very
slender eone and downstream region of a very slender cylinder
(or body). For the cone, this results from the fact that the
values of Sy/ry are very large. For the downstream region, it
is due to the large values of z (or §). It should be noted that
the actual physical conditions of 8, K, and M., in general,
may not be simultaneously constant. However, for the case
of constant wall temperature, the assumed mathematical
conditions of constant 8, K, and M, are approximately satis-
fied in the hypersonic flow region.

Asymptotic Series Solution

From the theory of asymptotic expansions for small Rey-
nolds number,? it may be expected that there are two expan-
sions valid in different regions. The outer expansion is valid
for the outer limits of the boundary layer and the inner for the
region close to the surface. The two expansions will be
matched at some intermediate region to determine the con-
stants in each expansion. Large values of £ correspond, for
fixed z, to small values of r,. However, when r approaches
zero, the 5 coordinate will become infinitely large. For the
outer expansion the coordinate system should be chosen in
such a fashion that the new coordinate for # will be inde-
pendent of ro. Therefore, the following transformations are
introduced :

_ 1 n - 1
i f)in By (180)

f=172¢ g=49 (18b)

It should be noted that, when r, approaches zero, the new
coordinate % will be kept constant. The transformation of
coordinates from , £ to %, £ is carried out by means of the re-
lations

fo) 10

on 20 (19)
> _202i_ 12 ‘
5t~ D7 0F £ o (19)
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Equations (13) and (14) are transformed into the following
forms:

A AN
g(é_KXbébﬁ* aﬁaﬁa§>+(K DI 55

C31- (o w3 L)

407 |

{31 @)

6<1+_1M2>[“" (%)2] (20)
EG_K)(%BB%_%%%)JMK—U'%_

(a3 ]

5 M2{% [an . @;) i ]}_o @1)

At the outer region, the effect of the viscosity term 0%/073
is very small because there is almost no variation in velocity
gradient. From Eq. (20), it can be seen that, for small values
of £, this term can be neglected. Furthermore, in the outer
region, the zero-order solutions can be assumed to be the free-
stream velocity and temperature. The outer expansions can
be assumed in the following manner:

of
Y
§=1+e@BaH + ...

where ¢ and er are gage functions, which should approach
zero when § becomes very large. From Egs. (20-22b) the
following first-order equations are obtained:

1 — K7 a—fl+—< °2f1>=

<

gy
O/[o/

=3

“ 1+ a® fl()+ (22a)

(22b)

o7?

— 1 1
) CE AN
(1—K)‘g'(f1+ ( gi‘>—o

The boundary conditions for Eqgs. (23a) and (23b) are

oh) _ ofs _
H0) = (an>ﬂ . 0 (af,>ﬁ=m =0 (23¢c)

s(1+

(23b)

7.(0) =0 gi(=) =0 (23d)
The solution for Eq. (23b) is
7 p—(1—K)
=B [T —di 24
1 fm 7 n ( )

which satisfied the boundary condition at infinity. The con-
stant B; has to be determined by the matching conditions
with the inner expansion. The solution for Eq. (23a) will be
discussed later.

The inner coordinates are to be chosen such that the new
coordinate for  is infinitely large when r, approaches zero.
This enables the two expansions to match each other at the
intermediate region. The inner coordinates are defined as
follows:

=2t Qo= [Tan  # =& @5)

J* = 2&(ogA?) VS g* = (log4£H)"%  (25b)

. WEI

ATAA JOURNAL

The preceding transformations are obtained by first intro-
ducing an intermediate solution ky with the intermediate co-
ordinate %7 = 7/f(£). The solution A, is obtained from a
proposed equation that is similar to Eq. (30) by dropping all
the inertia terms The function f(£) is determined from the
relation

lim [1 — | = 0

)

(25¢)

The most rapid uniform convergence to the Stoke limit? is
achieved by setting 9* = 9. The inner equations for the
Stoke region are obtained from Eqs. (13) and (14) as follows:

o+ o (o [

on®s <1 T M2)[bn (0?7*2 j:) g*dn*ﬂ B
(7 =1 2 (o parofe

[comtgre (—2 u2) oo (s S, %y ') -

<1_K>M (ai*_a?_f*_ sz_*i*>
2 ag7 \\or* onvoe* ~ opmogr) T

f* #2)—1 _ l_ f* of*
(a"l > [(oga£*%) 1]} + <2 K) 4£%2 yp*2 +

log,4£*2 o%* _ y—1..,
45*2 an*z - B 1+ 2 M. X

1 134 *2 2
e [ topagn-n ()] o

ofg* Y =140y 2
an*2+<1+ 5 M) 35

di* NN
Y

—1 > [og* [ (Of*\
L—— 2 *2y1/2 _— | 24 -

S M2 (log4&*) *[an*fo (M*) dn*:l i
log, 4£%2

L1 ) (e 4 o
s*z( K)(" ot T an*) 4z

1 of* og* _ of* og*\ . 09" _
[(2 K><bn*a$* E*bn> Ky an*]“o @0

Since the velocity is zero at the wall but the temperature is
not zero, the following expansions are assumed:

o aﬁ(n) " *afun)
o ) + ..

(28a)
* = go*(n*) + er*(ENNg*(n*) + ... (28b)

where ¢* and er™ are inner gage functions, which should ap-
proach zero when # becomes very large. If * behaves
asymptotically for large £, as

&* ~ (logdg) /2

Kf*

= a* (8 —5 5~

(28¢)

the zero- and first-order equations derived from Eqs. (26-28)
are as follows:

oY * vy—1 d [* ra*
(L T ) s (G55 1 i) = o

(29)

A%go* vy—1 9 [Og™* (¥
o+ (1) 0 (3 . i) = 0
(30)

with boundary conditions,

fi*(0) = f1,+*'(0) = 0 i () =1 (3la)

*0) = g,* = (logA£H) 2,
9*©0) = ¢ (log4£%)*/% 31D)

go* (@) =

After introducing the inner transformations [Eq. (25)], all
of the inertia terms (or transport terms) in Eqgs. (26) and (27)
become very small and are of the order £ and £-2. Fur-

(10g6452) 1/2
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thermore, due to the assumption (28¢), all these terms can be
neglected for the time being. Later, if we find the assump-
tion (28¢) is valid, then these neglected terms are indeed
transcendently small. Equation (30) is nonlinear but can be
solved in the following manner. By integrating Eq. (30)
once, the following equation is obtained :

d -1
ai" [1 + (1 + X M2> f go*dn* ] = 4, (3lo)

where

= (0go™/0n™)px=0

LA
fo go*dn

and differentiate once again, the solution to Eq. (31¢) is found
as follows:

If we solve for

% 1 2 go*
Aen™ = exp| — 24, 1 + a)g.™ ot X

expl}iﬂ 1+ ao)go*zdgg*] - (32)

It should be noted that Eq. (32) satisfies the boundary
condition at the wall. The constant 4, can be determined by
matching conditions with the outer expansion. The match-
ing conditions for Eqgs. (22b) and (28b) are as follows. If ry
approaches zero and 7 is fixed, but not equal to zero, & will
become very large and the following matching conditions can
be established:

lim [(9) — (log4£")~*%*] = 0 33)

£—> ©

From Eq. (33), the following matching conditions are ob-
tained:

lim [1 — (log:4£)~'*(g,*)] = 0 (33a)
f—>
2} ~1/2, 7 *g *
P o €r
(33b)

For large values of £, it is seen from Eqs. (252) and (25b)
that #* and ¢g* become very large. Equation (32) can be ex-
panded into the following asymptotic relation:

s o (L
A+ agy* = <g0*> X

(1 + ag)(ge™* — g™ 1
exp{ o, }[1+(1+a0)g0*2+”']
(34)

Equation (34) can be further reduced to the following form
through use of Eqgs. (18) and (25) for large values of £:

24, 12 Ao
. [t
go" = (IO 45) < + Gu > + (1 "]" 0(0) loge4$2 X
Ao

Tozd®)(1 Fay T ] (348)

When Eq. (34a) is substituted into Eq. (33a), the following
relationship is obtained:

g = =g {14 (v = D/2]M2
Ag = 2

[mge(l - an)iig —

~(35)

The residual of the matching Eq. (33a) is equal to

1,31 0. 1—' w2 -
_ log( +a)( 29 >n (358)

—_ 2y —1/2 *
1 — (log4£%) 12 gy logd
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with go — 1 and §; — 0. Furthermore, Eq. (24) can be ex-
panded into the following form for small values of 7°:

= Billog.ii + logr(1 — K) +0(7) + ...1 (36)

where log,r is Euler’s constant and equal to 0.5772.
By substituting Eq. (36) into (33b) it is found that

er = (log 4t (37a)
Bilogr(l — K)i — [(0 — gu?)/2] log.(1 + ag)7f =
(log4E3)\2er*g*  (37h)

Since ¢,* is equal to zero at the wall, the right side of the Eq.
(37h) has definite limits for small values of 4. In order to
cancel the singular term log.7 in the left side of Eq. (37b), the
values of By are found to be

By = [(1 — g.})/2] 38)

For the first-order momentum equation, Eq. (29) can be
reduced to Eq. (30) by the following relation:

ofi*/on* = Cilge® — ¢.™) (39)

This is essentially the Crocco’s relation. The constant C;
can be determined by the following matching condition:

ggmm[l — «*fi*/on*] = 0 (40)
By Eq. (34b) it is found that
L = € Qogde (1 - g0 +
gl—(ng) loge(1 + ag) 4 ... (40a)

When substituting Eq. (40a) into (40), the constant C; is
found to be:

=1/1 — g,) and g* =
The residual for Eq. (40) is

of* _ A+ gu)
dn* 2 log4£2

The solution for Eq. (23a) is

(log4&%)~1/2  (40b)

1 — 61* [10g5(1 + ao)’ﬁ + .. . (40(3)

= 3 e [F (fx) lod T
% —DI¢+<1—K)¢f’°f

5% F1€no? it
41)
where
o Kol —g.h) rae :
F(m) = 5 g3 fO ?d‘rlk (43,

Solution (41) has satisfied the boundary condition at the
outer limits because ¢(») = 0. The constant D, has yet
be determined by the matching condition with the inne:
expansion as follows: if (41) is expanded into a series con
vergent for small values of 7, the particular solution portio
of the complete solution is found to be in the order of 4 10ge'r)
and the following expansion can be obtained :

ail =D {loger (1 —K)j+ e - EKnx

on
@ K()r

n=1

o 0= Byilosdl — K)i +

oM+ ...] (44
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Fig. 2 Skin drag vs thickness parameter for cyhnder at
Mach number 3.

The matching condition for (df,/99) is as follows:

oG [ - ()],

€1

lim

£E—>

(45)

Since Of:*/dn* is zero at the surface, the values of D; and

e are determined by substituting Eqs. (40c) and (44) into
(45) and

= (logA4E» ! (46a)

Dy =1 + gw) (46b)

By substituting (46a) and (46b) into (45), Eq. (45) reduces to:

14+ go r(l — K) ~ n————L]*
P o T B 0 =] -

*
a¥q™? gii* (46)

The first- and second-order inner equations are as follows:
D 2 * *
e 20 (e

a *3
O, * *
6_7%2 I g‘*d"*)
g * 0 [og n*
0+ o (3 [ v +

on*2
dge* [+

']‘( +0l0)

It

0 47

The boundary conditions are

F2*#(0) = (0fa*/0n*)yx—0 = 0 @f*/0n*)pr= » = 0
(49a)
$n*0) =0 g*(w) =0 (49b)

By integrating Eq. (48) once, we obtain
bgl %
+ 0+ (38 [ 7wt +

a”" - [T gl*dn)=A1 (50)

By the use of Eq. (31c), (50) can be re-

with 4; = ¢*'(0).
duced to

oo [ story]
j:) g¥dn* = (1 + ap) ! [390*/577* (g0*/on®)?
(50a)

Fig.3 Skin drag vs thickness parameter for cone at Mach
number 3.

In order to solve the equation, the following substitution is
used:

* = U(n*)(0g0*/0n*) (50b)

The solution for gx* is

ot = < ffon* w

For large values of 9*, the following symptotic relation is

obtained:
A1 90*2 gw*z
o= o —_—
[ 24, ( oo + ... (50d)

When Eq. (50d) is substituted into (37b) we obtain
— 1ogf(11; f = ogdg) er” <2‘—:1410> 1—g2 (1)
From Eq. (51) it is found that
er® = (log4£%)~1 (52a)
r(l — K)

1L+ (y —D/2M2

For the first-order momentum equation, Eq. (47) is com-
pared with (48), then

of* 1

m* 1l-—g

By substituting this into Eq. (46), the following equation is
obtained:

1+ 9w rd —K) | ¢ < Lu—
2 [loge Ta 2TV R - n)!] B

*dn* ) (50¢)

A, = Aqlog, (52b)

- (@") (33)

Ay
(log A9z ¢* <ﬂo> (1 +g0) (54)

The gage function ez* is

7‘(1 — Ko'
L D O e
€ = (1 K) (55)
(10ge4%‘2)3/2 < 1 + >

The values of (3g/0%),=0 and (3%/37?), ¢ take the following
forms:

<°_-<1> _
01/45-0

(1+ao)(1—gw2)£|:1+ 1 5

log.4£2 log4£2
1—-K
<05772 + IOgem> + .. :| (56)
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Fig. 4 Skin drag vs thickness parameters for cylinder at
Mach pumber 5.

(1 + 040)(1 + gw)
log.4£2

1
{1 T logap

Bl
El (=D ik, __n)':“f" } (57)

The skin friction and heat-transfer rate are given by:

_ ou _ cosau, (1 b_i)
T <0Y>y=o‘ o (s) <an2 oo 08

dT cosauhse (1) (bg)
—k (o) = - CEES¥ () (Y 59
<5Y>Y=o 7o £/ \on/,-0 (59)

If M, = 0 and g, = 1, the results can be reduced to the in-
compressible case. The skin friction, Eq. (58), agrees with the
solution given by Glauert and Lighthill for the case of
cylinders.

For small values of £, Egs. (9) and (10) can be transformed
into the equations given by Probstein with aid of Eq. (11).
Therefore, for the region of £ < 1,

EX

Co

|:O 5772 + log;e1 Tea - K +

cosapiu; 2 (0339)(1 + 245+ ...)  (60)

Tw =
for cylinders,
4 = 0.3420 4 0.7034 (T',/T.) + 0.0866 (v — L)M.2 (60a)
and for cones,

A = 0.2583 4~ 0.4563 (T/T.) + 0.0603 (y — 1)M.2 (60b)

It is noted that the foregoing results are obtained with
[3 = 0. Since the Croceo’s relation still holds for 8 = 0 and
= 1, the heat-transfer rate is obtained as follows:

_:E‘ZS_%@ y—1 z>_ﬂ
q = [<1+ 2 Me T X

To e

(2) 0.332)(1 + 245+ ...) (61)

Results

The frictional drag per unit length of the slender body is
given by F = 2xryre. For zero pressure gradient, the non-
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Fig. 5 Skin drag vs thickness parameter for cone at
Mach numbers 0 and 5.

dimensional quantity F/cosauu. is caleulated by Egs. (57)
and (60) and is plotted against the thickness parameter £ as
shown in the Figs. 2-6. Figures 2-6 also show the inter-
polations between the two equations (57) and (60), and
demonstrate good conjunction between these two equations.
They indicate that, for small values of £, the influence of the
wall temperature and freestream Mach number on the skin
friction and heat-transfer rate becomes extremely small.
This results from the fact that, for £ < 1, the zero-order solu-
tion is independent of M, and T.,/T..

For the cylinder, Eqs. (58) and (60) can be reduced to the
incompressible case by letting M, — 1 and g, — 1:

Twlo 2

o _ 1
e loge[(‘iﬂex)/(peueroz]){ +

0.5772 }
log.[(4u.x)/ (peero?) ]

/2
Tolo 0-332< H 2) + 0.6041 + ...

Mele Pellely

which agree with the leading two terms of the series solu-
tions given by Glauert-Lighthill* and Seban-Bond-Kelly.? 8

For the case of a very cold wall, the boundary layer may
become very thin and the value of £is small. Consequently,
the Probstein-Elliot solution, Eq. (60), is essentially valid for

5 SKIN DRAG V5. THICKNESS
3 +T PARAMETER FOR INSULATED
S CYLINDER AT MACH NOS.
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Fig. 6 Skin drag vs thickness parameter for insulatec
eylinder at Mach numbers 0, 5, and 10.
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this case. A similar plot for the heat transfer also can be
made. However, by the Crocco’s relation,

T_& y—1 2 E"
Te_T,+<1+ 2 M) TZX

v _7_1 NN
(i) =55 )

the heat-transfer rate can be caleulated from the skin friction

and this portion of the numerical presentation is omitted.
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